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Abstract
Let s be a non-vanishing Stieltjes moment sequence and let μ be a representing measure of it. We denote
by μn the image measure in Cn of μ ⊗ σn under the map (t, ξ) →
√
tξ , where σn is the rotation invariant
probability measure on the unit sphere. We show that the closure of holomorphic polynomials in L2(μn)
is a reproducing kernel Hilbert space of analytic functions and describe various spectral properties of the
corresponding Hankel operators with anti-holomorphic symbols. In particular, if n = 1, we prove that there
are nontrivial Hilbert–Schmidt Hankel operators with anti-holomorphic symbols if and only if s is expo-
nentially bounded. In this case, the space of symbols of such operators is shown to be the classical Dirichlet
space. We mention that the classical weighted Bergman spaces, the Hardy space and Fock type spaces fall
in this setting.
© 2009 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper we consider Hankel operators and the ∂¯-canonical solution operator in a Hilbert
space of analytic functions related to a Stieltjes moment sequence. We recall that a sequence
s = (sd), d ∈ N0, is said to be a Stieltjes moment sequence if it has the form
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+∞∫
0
td dμ(t),
where μ is a non-negative measure on [0,+∞[, called a representing measure for s. These
sequences have been characterized by Stieltjes [22] in terms of some positive definiteness condi-
tions. We denote by S the set of such sequences. It follows from the above integral representation
that each s ∈ S is either non-vanishing, that is, sd > 0 for all d , or else sd = δ0d for all d . We
denote by S∗ the set of all non-vanishing elements of S. Fix an element s = (sd) ∈ S∗. By
Cauchy–Schwarz inequality we see that the sequence sd+1
sd
is non-decreasing and hence con-
verges as d → +∞ to the radius of convergence of the entire series
Fs(λ) :=
+∞∑
d=n−1
λd
sd+1−n
, λ ∈ C.
Set Rs := limd→+∞
√
sd+1
sd
=
√
limd→+∞ sd
1
d
. The sequences s for which the radius Rs is finite
are called exponentially bounded [5].
Denote by Ωs the ball in Cn centered at the origin with radius Rs with the understanding that
Ωs = Cn when Rs = +∞. We denote by A2(s) the Hilbert space of those holomorphic functions
f (z) =∑α∈Nn0 aαzα on Ωs that satisfy
∑
α∈Nn0
α!s|α|
(|α| + n − 1)! |aα|
2 < +∞
equipped with the natural inner product
〈f,g〉 :=
∑
α∈Nn0
α!s|α|
(|α| + n− 1)!aαb¯α
if f (z) =∑α∈Nn0 aαzα and g(z) =∑α∈Nn0 bαzα are two elements of A2(s).
Now let σ = σn be the rotation invariant probability measure on the unit sphere Sn in Cn and
let μ be a representing measure of s. We denote by μn the image measure in Cn of μ⊗ σn under
the map (t, ξ) → √tξ from [0,+∞[ × Sn onto Cn. We consider the Hilbert space L2(μn) of
square integrable complex-valued functions in Cn with respect to the measure μn. Our first result
is the following:
Theorem A. The measure μn is supported by the closure of the domain Ωs . In addition, for each
set compact K ⊂ Ωs there exists C = C(K) > 0 such that
sup
∣∣f (z)∣∣ C‖f ‖L2(μn)z∈K
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sure of the holomorphic polynomials in L2(μn) and its reproducing kernel is given by
Ks(z,w) = 1
(n − 1)!F
(n−1)
s
(〈z,w〉), z,w ∈ Ωs.
The classical weighted Bergman spaces, weighted Fock spaces and Hardy spaces are of
the form A2(s); each of these space is associated to an appropriate choice of the sequence s,
see [2,20,26].
To state further results we consider the orthogonal projection Ps associated to A2(μn). It is
given for all g ∈ L2(μn) by
(Psg)(z) =
∫
Ωs
Ks(z,w)g(w)dμn(w), z ∈ Ωs.
This integral operator can be extended in a natural way to functions g that satisfy Ks(z, ·)g ∈
L1(μn) for all z ∈ Ωs . This extension allows us to define Hankel operators. To do so, denote by
T(s) the class of all f ∈A2(s) such that f ϕKs(z, ·) ∈ L1(μn) for all holomorphic polynomials ϕ
and z ∈ Ωs and the function
Hf¯ (ϕ)(z) :=
∫
Cn
Ks(z,w)ϕ(w)
[
f¯ (z) − f¯ (w)]dμn(w), z ∈ Ωs,
is the restriction to Ωs of a function in L2(μn). This is a densely defined operator from A2(s) into
L2(μn) which will be called the Hankel operator Hf¯ with symbol f¯ . It can be written in the form
Hf¯ (ϕ) = (I − Ps)(f¯ ϕ)
for all holomorphic polynomials ϕ.
It is not hard to see that the class T(s) contains all holomorphic polynomials. Finally, if f ∈
T(s), we denote by Spec(f ) the set of all multi-indices k ∈ Nn0 such that ∂
kf
∂zk
(0) = 0.
Our second result is the following
Theorem B. Suppose that f is a holomorphic polynomial. Then
(1) Hf¯ is bounded if and only if
sup
d∈N0
(
sd+2|k|
sd+|k|
− sd+|k|
sd
+ n− 1
d
sd+|k|
sd
)
< +∞ (1.1)
for all k ∈ Spec(f ).
(2) Hf¯ is compact if and only if
lim
d→+∞
(
sd+2|k|
sd+|k|
− sd+|k|
sd
+ n− 1
d
sd+|k|
sd
)
= 0 (1.2)
for all k ∈ Spec(f ).
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∑
d∈N
dn−1
(
sd+2|k|
sd+|k|
− sd+|k|
sd
) p
2 + (n − 1)dn−1− p2
(
sd+|k|
sd
) p
2
< +∞
for all k ∈ Spec(f ).
We point out that if the sequence s is exponentially bounded then (1.1) and (1.2) hold. The last
assertion of Theorem B shows that if n 2, and the Schatten class Sp(A2(s),L2(μn)) contains
nontrivial Hankel operators with anti-holomorphic symbols, then p > 2n. The converse to this
statement is not true as shown by the authors in [11]. In particular, in higher dimensions there are
no nontrivial Hilbert–Schmidt Hankel operators with anti-holomorphic symbols. The situation in
the one-dimensional case is completely different. More precisely:
Theorem C. Suppose that n = 1 and f is a nonconstant holomorphic function in f ∈ T(s). Then
Hf¯ is in the Hilbert–Schmidt class S2(A2(s),L2(μn)) if and only if s is exponentially bounded
and f is in the classical Dirichlet space D(Ωs). In addition, the trace Tr(H ∗¯f Hf¯ ) of H ∗¯f Hf¯ is
given by
Tr
(
H ∗¯
f
Hf¯
)= 1
π
∫
Ωs
∣∣f ′(z)∣∣2 dA(z)
=
∫
Ωs
∣∣f (z) − f (w)∣∣2∣∣Ks(z,w)∣∣2 dA(z) dA(w)
where dA(z) is the Lebesgue measure in C.
The first equality shows the characterization in the latter theorem depends only on the limit
limd→+∞ sd+1sd . The above result has been proved by separate methods in the two simple partic-
ular cases of Hardy and Bergman spaces [26].
Now we shall characterize the boundedness, the compactness and the membership in a Schat-
ten class of S the canonical solution operator of the ∂¯ on the space H(0,1)(Ωs) consisting of
(0,1)-forms with holomorphic coefficients in L2(μn) defined by ∂¯(Sf ) = f and Sf is orthogo-
nal to holomorphic elements of L2(μn). The spectral properties of this operator were studied by
Haslinger [12,13], Haslinger and Helfer [14] and Lovera and Youssfi [17].
Corollary 1.1. Consider the canonical solution operator S to the ∂¯ from H(0,1)(Ωs) to L2(μn).
Then the following are equivalent:
(1) S is bounded on H(0,1)(Ωs).
(2) For all j = 1, . . . , n, the Hankel operator Hz¯j is bounded from A2(s) into L2(μn).
(3) There is j = 1, . . . , n, such that the Hankel operator Hz¯ is bounded from A2(s) into L2(μn).j
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sd+n
sd+n−1
− sd+n−1
sd+n−2
)
+ n− 1
d
sd+n
sd+n−1
 C
for all positive integers d .
Corollary 1.2. Consider the canonical solution operator S to the ∂¯ from H(0,1)(Ωs) to L2(μn).
Then the following are equivalent:
(1) S is compact on H(0,1)(Ωs).
(2) For all j = 1, . . . , n, the Hankel operator Hz¯j is compact from A2(s) into L2(μn).
(3) There is j = 1, . . . , n, such that the Hankel operator Hz¯j is compact A2(s) into L2(μn).
(4) We have
lim
d→+∞
(
sd+n
sd+n−1
− sd+n−1
sd+n−2
+ n− 1
d
sd+n
sd+n−1
)
= 0.
In each of the two preceding corollaries, the equivalence between the two assertions (1) and (4)
was established in Lovera and Youssfi [17] and later by Haslinger and Lamel [15].
Corollary 1.3. Consider the canonical solution operator S to the ∂¯ from H(0,1)(Ωs) to L2(μn)
and let p > 0. Then the following are equivalent:
(1) S is in the Schatten class Sp(H(0,1)(Ωs)L2(μn)).
(2) For all j = 1, . . . , n, the Hankel operator Hz¯j is in the Schatten class Sp(A2(s),L2(μn)).
(3) There is j = 1, . . . , n, such that the Hankel operator Hz¯j is in the Schatten class
Sp(A
2(s),L2(μn)).
(4) There is a positive constant C such that
∑
d∈N
dn−1
(
sd+n
sd+n−1
− sd+n−1
sd+n−2
) p
2 + (n − 1)dn−1− p2
(
sd+n
sd+n−1
) p
2
 C
for all positive integers d .
In the latter corollary, the equivalence between the two assertions (1) and (4) was established
in Lovera and Youssfi [17] in the case p  2 and later by Haslinger and Lamel [15] in the general
case.
To state another result, we let M(s) be the subspace of T(s) consisting of those functions f
for which the Hankel operator Hf¯ is bounded on A2(s). We equip M(s) with norm
‖f ‖M(s) := ‖Hf¯ ‖ +
∣∣f (0)∣∣.
The subspace of M(s) consisting of functions f such that Hf¯ is a compact operator will be
denoted by M∞(s). Then it is not hard to see that M∞(s) is a closed subspace of M(s).
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operator Hf¯ is the Schatten class Sp(A2(s),L2(μn)). We equip Mp(s) with quasi-norm
‖f ‖Mp(s) := ‖Hf¯ ‖Sp +
∣∣f (0)∣∣.
Then we have the following
Theorem D. Let X ∈ {M(s),M∞(s),Mp(s)} and let U be a rotation in Cn. Then the following
assertions hold.
(1) If f ∈ X, then f ◦U ∈ X and ‖f ◦U‖X = ‖f ‖X.
(2) If f ∈ X, then zk ∈ X for all k ∈ Spec(f ).
(3) If the sequence s is either exponentially bounded or satisfies
lim
d→+∞
(
sd+l
s2d
) 1
d = 0 for all l ∈ N0, (1.3)
then the spaces M(s), M∞(s) and Mp(s), p  1, are Banach spaces and the space Mp(s),
0 <p < 1, is a quasi-Banach space.
We point out that there are examples of Stieltjes moment sequences that do not satisfy (1.3)
as shown by Boas type sequences [10]. There is a sequence of positive real numbers s satisfying
s0  1 and sn+1  (nsn)n+1. It is not hard to see by Theorem B that the spaces M(s), M∞(s)
and Mp(s) corresponding to such sequences are trivial, namely, they consist only of constant
functions.
Another type of Stieltjes moment sequences for which Theorem B applies to show that the
corresponding spaces M(s),M∞(s) and Mp(s) are trivial are the Stieltjes sequences s that sat-
isfy s0  1 and
s2d  δsd+1sd−1 for all d  1 (1.4)
for some 0 < δ < 1. Arbitrary sequences satisfying (1.4) were studied by Bisgaard and
Sasvári [9] and Bisgaard [8]. They were shown in [8] to be Stieltjes moment sequences as long
as
∑
d1 δ
d2  14 .
2. The Hilbert spaceA2(s) and related operators
We first fix some notations. Let Nn0 denote the set of all n-tuples with components in the
set N0 of all non-negative integers. If α = (α1, . . . , αn) ∈ Nn0, we let |α| := α1 + · · · + αn denote
the length of α. If β = (β1, . . . , βn) ∈ Nn0 satisfies αj  βj for all j = 1, . . . , n, then we write
α  β . Otherwise, set α  β .
Finally, if A and B are two quantities, we use the symbol A ≈ B whenever A  C1B and
B  C2A, where C1 and C2 are positive constants independent of the varying parameters.
Proof of Theorem A. We first observe that if a positive real number r satisfies μ(]r,+∞[) = 0,
then for all non-negative integers d , we have sd  rdμ(]0,+∞[) and hence lim supd sd
1
d  r .
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of all such real numbers r .
Conversely, suppose that r > 0 satisfies μ(]r,+∞[) > 0. Then
rdμ
(]r,+∞[) sd
for all non-negative integers d . Therefore,
r  lim inf
d
sd
1
d  lim sup
d
sd
1
d .
Since
sup
{
r: μ
(]r,+∞[)> 0}= inf{r: μ(]r,+∞[)= 0},
we see that R2s = limd→+∞ sd
1
d
. Therefore, the measure μn is supported by the closure Ωs .
Since both series Fs and F (n−1)s have the same radius of convergence it follows that for each
z ∈ Ωs , the series
Ks(z,w) = 1
(n − 1)!
+∞∑
0
(d + n− 1)!
d!sd 〈z,w〉
d , w ∈ Ωs,
converges on Ωs . Moreover, by Fatou’s lemma and orthogonality of the holomorphic monomials
with respect to μn we have
∫
Ωs
∣∣Ks(z,w)∣∣2 dμn(w) ( 1
(n − 1)!
)2
lim inf
N→+∞
∫
Ωs
∣∣∣∣∣
N∑
d=0
(d + n − 1)!
d!sd 〈z,w〉
d
∣∣∣∣∣
2
dμn(w)
=
(
1
(n − 1)!
)2
lim inf
N→+∞
∫
Ωs
N∑
d=0
∣∣∣∣ (d + n − 1)!d!sd 〈z,w〉d
∣∣∣∣2 dμn(w)
= Ks(z, z).
Hence for any fixed z ∈ Ωs , the series Ks(z,w) converges in L2(μn). In addition, a little com-
puting shows that for any α ∈ Nn0, we have
∫
Ωs
wαKs(z,w)dμn(w) = 1
(n − 1)!
+∞∑
d=0
(d + n− 1)!
d!sd
∫
Ωs
wα〈z,w〉d dμn(w)
= 1
(n − 1)!
(|α| + n− 1)!
|α|!s|α|
∫
Ωs
wα〈z,w〉|α| dμn(w)
= zα.
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sup
z∈K
∣∣f (z)∣∣ sup
z∈K
√
Ks(z, z)‖f ‖L2(μn)
for all holomorphic polynomials and each set compact K ⊂ Ω . The remaining part of the proof
follows by standard arguments. 
We point out that Rs is always strictly positive.
We recall from the previous work of the authors [11] the expression of the operators Hz¯k and
H
z¯k
Hz¯l on holomorphic homogeneous polynomials.
Lemma 2.1. Suppose that k and l are in Nn0 . Then the domain Dom(H
∗
z¯k
) of H ∗
z¯k
contains all
polynomials in w and w¯. Moreover, if f is a holomorphic homogeneous polynomial of degree d ,
then
H ∗
z¯l
Hz¯k f =
sd+|l|
sd+|l|−|k|
Γ (n + d + |l| − |k|)
Γ (n + d + |l|)
∂ |k|
∂zk
(
zlf
)− sd
sd−|k|
Γ (d + n− |k|)
Γ (d + n) z
l ∂
|k|
∂zk
f.
In particular, H ∗
z¯l
Hz¯kf is a holomorphic homogeneous polynomial of degree d + |l| − |k|. In
particular, for each α in Nn0 , the monomial zα is an eigenvector for the operator H ∗z¯kHz¯k and the
corresponding eigenvalue λα is given by
λα = s|α|+|k|
s|α|
Γ (n+ |α|)
Γ (n + |α| + |k|)
(α + k)!
α! −
s|α|
s|α|−|k|
Γ (|α| + n− |k|)
Γ (|α| + n)
α!
(α − k)!
if α  k and
λα = s|α|+|k|
s|α|
Γ (n + |α|)
Γ (n+ |α| + |k|)
(α + k)!
α! ,
otherwise.
For simplicity reasons, we introduce some notations. We set
fn(t1, . . . , tn) := −|k|2tk +
n∑
j=1
k2j
tk
tj
, t ∈ Rn, (2.1)
with the understanding that k2j
tk
tj
= 0 as long as kj = 0 and t
kj
j
tj
= tkj−1j for kj  1. We also let
t (α) :=
(
1 + α1
|α| + n, . . . ,
1 + αn
|α| + n
)
, α ∈ Nn0 .
Lemma 2.2. The function fn given by (2.1) satisfies fn(t1, . . . , tn) 0 for all non-negative real
numbers t1, . . . , tn that satisfy t1 + · · · + tn = 1. In particular, fn(t (α)) 0 for all α ∈ Nn.0
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n∑
j=1
r2j
tj
 1,
which holds for all t1, . . . , tn, r1, . . . , rn ∈ ]0,+∞[ that satisfy
t1 + · · · + tn = r1 + · · · + rn = 1.
This inequality, in turn, can be proved by induction on n. 
Lemma 2.3. Suppose that α and k are in Nn0 . If n = 1, set γα,k := 0 and if n > 1, set
γα,k := 1
n − 1
(
Γ (n + |α|)
Γ (n + |α| + |k|)
(α + k)!
α! −
Γ (|α| + n− |k|)
Γ (|α| + n)
α!
(α − k)!
)
.
Then γα,k  0, for all α ∈ Nn0 that satisfy α  k. In addition, if n 2, then
γα,k = 1
n− 1
1
d + n
(
fn
(
t (α)
)+O( 1
d
))
,
for all k,α ∈ Nn0 , satisfying α  k, where d := |α|.
Proof. We consider the particular case of the constant Stieltjes moment sequence sd = 1, d ∈ N0,
represented by the Dirac measure μ = δ1. If α ∈ Nn0, then (n−1)γα,k is the eigenvalue of H ∗z¯kHz¯k
corresponding to the eigenvector zα . Applying the previous lemma we see that (n − 1)γα,k  0
and hence the first part of the lemma follows. Next, we prove the second part of lemma. From
the property of the Gamma function [18]
Γ (x + y)
Γ (x + z) = x
y−z
(
1 + (y − z)(y + z − 1)
2x
+O
(
1
x2
))
as x → +∞,
where y and z are real numbers, we get
Γ (d + n)
Γ (d + n + |k|) = (d + n)
−|k|
(
1 − |k|(|k| − 1)
2(d + n) +O
(
1
d2
))
as d → +∞,
Γ (d + n − |k|)
Γ (d + n) = (d + n)
−|k|
(
1 + |k|(|k| + 1)
2(d + n) +O
(
1
d2
))
as d → +∞.
By the proof of Lemma 3.3 in [11], we have, when α  k,
(α + k)!
α! =
n∏
j=1
(1 + αj )kj +
n∑
j=1
kj (kj − 1)
2
(1 + αj )kj−1
∏
l =j
(1 + αl)kl + q(α)
= (d + n)|k|
[
tk + h(t)− g(t) + q(α) |k|
]
d + n (d + n)
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h(t) :=
n∑
j=1
k2j t
k
2tj
, g(t) :=
n∑
j=1
kj t
k
2tj
.
Using a similar argument, we also have
α!
(α − k)! =
n∏
j=1
(1 + αj )kj −
n∑
j=1
kj (kj + 1)
2
(1 + αj )kj−1
∏
l =j
(1 + αl)kl + r(α)
= (d + n)|k|
[
tk − h(t)+ g(t)
d + n +
r(α)
(d + n)|k|
]
where q and r are polynomials of degree at most |k| − 2.
Γ (d + n)
Γ (d + n + |k|)
(α + k)!
α! −
Γ (d + n − |k|)
Γ (d + n)
α!
(α − k)!
= (d + n)−|k| (α + k)!
α!
(
1 − |k|(|k| − 1)
2(d + n) +O
(
1
d2
))
− (d + n)−|k| α!
(α − k)!
(
1 + |k|(|k| + 1)
2(d + n) +O
(
1
d2
))
=
(
1 − |k|(|k| − 1)
2(d + n) +O
(
1
d2
))[
tk + h(t)− g(t)
d + n +O
(
1
d2
)]
−
(
1 + |k|(|k| + 1)
2(d + n) +O
(
1
d2
))[
tk − h(t) + g(t)
d + n +O
(
1
d2
)]
= 1
d + n
(
−|k|2tk + 2h(t)+O
(
1
d
))
.
The lemma now follows since fn(t) = −|k|2tk + 2h(t). 
Lemma 2.4. If α ∈ Nn0 , then the eigenvalue λα of the operator H ∗z¯kHz¯k satisfies
λα =
(
s|α|+|k|
s|α|
− s|α|
s|α|−|k|
)((
t (α)
)k +O( 1
d
))
+ n− 1
d + n
s|α|
s|α|−|k|
(
fn
(
t (α)
)+O( 1
d
))
if α  k and
λα = s|α|+|k|
s|α|
O
(
1
d
)
,
otherwise.
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λα =
(
s|α|+|k|
s|α|
− s|α|
s|α|−|k|
)
Γ (d + n)
Γ (d + n+ |k|)
(α + k)!
α! + (n− 1)γn,k
s|α|
s|α|−|k|
.
By the estimates in the proof of Lemma 2.3 we deduce that
Γ (d + n)
Γ (d + n + |k|)
(α + k)!
α! =
(
t t (α) +O
(
1
d
))
.
The latter equation, combined with Lemma 2.3, completes the proof of the first part of the lemma.
To prove the remaining part of the lemma, suppose that for some j0 = 1, . . . , n we have that
kj0  1 and αj0 < kj0 . Then by Lemma 2.1 we have
λα = s|α|+|k|
s|α|
Γ (d + n)
Γ (d + n + |k|)
(α + k)!
α! .
Set α′ = (α1, . . . , αj0−1,0, αj0+1, . . . , αn) and k′ = (k1, . . . , kj0−1,0, kj0+1, . . . , kn). Arguing
like in Lemma 3.4 in [11], we get
(α + k)!
α!  (2kj0)!
[
n∏
j=1, j =j0
(1 + αj )kj +
n∑
j=1, j =j0
kj (kj − 1)
2
(1 + αj )kj−1
∏
l =j,j0
(1 + αs)kl
]
+ q(α′),
where q(α′) is a polynomial of degree at most |k′| − 2. This inequality, combined with the
estimate
Γ (d + n)
Γ (d + n + |k|) = O
(
1
(d + n)|k|
)
gives the second part of the lemma. 
Theorem 2.5. Fix k ∈ Nn0 and consider the Hankel operator Hz¯k from the dense subspace of
A2(s) consisting of holomorphic polynomials into L2(μn). Then:
(1) Hz¯k is bounded if and only if
sup
d∈N0
(
sd+2|k|
sd+|k|
− sd+|k|
sd
+ n− 1
d
sd+|k|
sd
)
< +∞. (2.2)
(2) Hz¯k is compact if and only if
lim
d→+∞
(
sd+2|k|
sd+|k|
− sd+|k|
sd
+ n− 1
d
sd+|k|
sd
)
= 0. (2.3)
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consisting of those t = (t1, . . . , tn) ∈ Rn such that tj  0 and t1 + · · · + tn = 1. Since the set
⋃
d∈N0
{(
α1 + 1
d + n , . . . ,
αn + 1
d + n
)
, |α| = d
}
is dense in Σn, it follows that
sup
|α|=d
fn
(
α1 + 1
d + n , . . . ,
αn + 1
d + n
)
≈ sup
t∈Σn
fn(t)
and
sup
|α|=d
t (α)k ≈ sup
t∈Σn
tk
as d tends to +∞. These estimates, combined with Lemma 2.4, implies that (λα)α is bounded if
and only if (2.2) holds and lim|α|→+∞ λα = 0 if and only if (2.3) holds. The theorem now follows
since Hz¯k is bounded if and only if H ∗z¯kHz¯k is bounded and compactness of Hz¯k is equivalent to
that of H ∗
z¯k
Hz¯k . 
Next, let p > 0. We shall study the membership of the operator Hz¯k in a Schatten class Sp .
Recall that Hz¯k is in Sp if and only if H ∗z¯kHz¯k is in S p2 , that is to say the series
∑
λ
p
2
α is convergent.
Let d be an integer. We shall estimate the sum Sd =∑|α|=d λpα , when d → +∞. The cal-
culations above lead to study the cases α  k and its opposite separately. Let Bd := {α ∈ Nn0,|α| = d}. We partition Bd = B′d ∪B′′d , where B′d = {α ∈ Bd , α  k} and B′′d = Bd \ B′d . Thus
Sd can be written in the form Sd = S′d + S′′d , where S′d =
∑
α∈B′d λ
p
α and S′′d =
∑
α∈B′′d λ
p
α . We
shall use the following lemmas (see [11]).
Lemma 2.6. If n  2, then we have the estimates Bd ≈ B′d ≈ d
n−1
(n−1)! and B
′′
d ≈ dn−2 as
d → +∞.
Lemma 2.7. Suppose that n 2 and g is a continuous function on Rn−1. Consider the open set
D := {(t1, . . . , tn−1) ∈ Rn−1+ ,
∑n−1
j=1 tj < 1}. For a multi-index β = (β1, . . . , βn−1) in Nn−10 , set
cβ,d :=
(
β1 + 1
d
, . . . ,
βn−1 + 1
d
)
,
Jd :=
{
β ∈ Nn−10 :
n−1∏
j=1
[
βj
d
,
βj + 1
d
]
⊂ D
}
.
Then limd→+∞ 1dn−1
∑
β∈Jd g(cβ,d) =
∫
D
g(t) dt .
The above results enable us to estimate Sd when d = |α| → +∞.
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Sd ≈ dn−1
(
sd+|k|
sd
− sd
sd−|k|
)p
+ (n − 1)dn−1−p
(
sd
sd−|k|
)p
.
Proof. Recall that Sd = S′d + S′′d , where S′d =
∑
α∈B′d λ
p
α and S′′d =
∑
α∈B′′d λ
p
α . First we shall
estimate S′d . By Lemma 2.4, we know that this sum has the following expansion when d =|α| → +∞
S′d ≈
(
sd+|k|
sd
− sd
sd−|k|
)p ∑
α∈B′d
((
t (α)
)k +O( 1
d
))p
+
(
n− 1
d + n
sd
sd−|k|
)p ∑
α∈B′d
(
fn
(
t (α)
)+O( 1
d
))p
.
Using the properties of the function x → xp and Lemma 2.7 we see that there exists a constant
M > 0, such that
∑
α∈B′d
((
t (α)
)k +O( 1
d
))p
≈ dn−1
∫
D
t
pk1
1 · · · tpkn−1n−1
(
1 −
n∑
j=1
tj
)pkn
dt,
∑
α∈B′d
(
fn
(
t (α)
)+O( 1
d
))p
≈ dn−1
∫
D
(
fn
(
t1, . . . , tn−1,1 −
n∑
j=1
tj
))p
dt.
Therefore,
S′d ≈ dn−1
(
sd+|k|
s|α|
− sd
sd−|k|
)p
+ dn−1
(
n− 1
d + n
sd
sd−|k|
)p
≈ dn−1
(
sd+|k|
s|α|
− sd
sd−|k|
)p
+ (n− 1)dn−1−p
(
sd
sd−|k|
)p
as d → +∞.
To estimate S′′d we observe that if n = 1, then
S′′d  S′′|k|.
On the other hand, if n 2, by Lemma 2.4 we see that for α ∈B′′d we have
λpα = (n − 1)
(
sd+|k|
sd
)p
O
(
d−p
)
.
Since B′′d ≈ dn−2, we see that S′′d = O(
S′d+|k|
dp
). The lemma follows from the relation Sd =
S′d + S′′d . 
We then characterize the Schatten class membership of Hz¯k .
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L2(μn)) if and only if
dn−1
(
sd+2|k|
sd+|k|
− sd+|k|
sd
) p
2 + (n− 1)dn−1− p2
(
sd+|k|
sd
) p
2
< +∞. (2.4)
Proof. We use that the operator Hz¯k is in the Schatten class Sp(A2(s),L2(μn)) if and only if
H ∗
z¯k
Hz¯k is in S
p
2 (A2(s)). Therefore, the theorem follows from Lemma 2.8. 
Lemma 2.10. If U is a unitary transformation in Cn, the operator Uf := f ◦ U is a unitary
isometry from L2(μn) onto itself and from A2(s) onto itself. Moreover the following assertions
hold.
(1) If f ∈M(s), then Uf ∈M(s) and ‖Uf ‖M(s) = ‖f ‖M(s).
(2) If f ∈M∞(s), then Uf ∈M∞(s).
(3) If f ∈Mp(s), then Uf ∈Mp(s) and
‖Uf ‖Mp(s) = ‖f ‖Mp(s).
Proof. Let U be a unitary transformation in Cn and denote U∗ its adjoint, which is also its
inverse. It is clear that the operator U is a unitary isometry from L2(μn) onto itself and from
A2(s) onto itself. Let f be in M(s). If g is a holomorphic polynomial, then by a change of
variable we see that
HUf (g)(z) =
∫
Cn
Ks(Uz,w)g(U
∗w)
[
Uf (z) − f¯ (w)]dμm(w)
=
∫
Cn
Ks(Uz,w)(U
∗g)(w)
[
f¯ (Uz) − f¯ (w)]dμn(w)
= Hf¯ (U∗g)(Uz)
= (UHf¯ U∗)(g)(z).
Therefore,
HUf = UHf¯ U∗ (2.5)
and thus ‖HUf ‖ = ‖Hf¯ ‖, showing that
‖Uf ‖M(s) = ‖f ‖M(s).
This proves part (1) of the lemma. The proof of parts (2) and (3) of the lemma are similar. 
Let Tn := {ζ = (ζ1, . . . , ζn) ∈ Cn: |ζj | = 1, j = 1, . . . n} and for ζ = (ζ1, . . . , ζn) ∈ Tn, let
Uζ be the unitary linear transformation in Cn defined by Uζ (z) = (ζ1z1, . . . , ζnzn), for all z =
(z1, . . . , zn) ∈ Cn. Like in [1] we have the following
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uous from Tn to L2(μn).
Proof. Let g ∈A2(μn) and write g(z) =∑α∈Nn0 akzα . If ζ, η ∈ Tn, then
∥∥(Uζ −Uη)g∥∥2L2(μn) = ‖g ◦Uζ − g ◦Uη‖2L2(μn)
=
∑
α∈Nn0
|aα|2
∥∥(Uζ z)α − (Uηz)α∥∥2L2(μn)
=
∑
α∈Nn0
|aα|2cα
∣∣ζ α − ηα∣∣2,
where
cα =
∫
Cn
∣∣zα∣∣2 dμn(z), α ∈ Nn0 .
Since ∑
α∈Nn0
|aα|2cα < +∞ and
∣∣ζ α − ηα∣∣2  4,
the dominated convergence theorem leads to
lim
ζ→η
∥∥(Uζ −Uη)g∥∥L2(μn) = 0,
showing that the mapping ζ → Uζg is continuous from Tn to L2(μn). This, combined with the
fact that Uζ is unitary and the equalities
HUζf −HUηf = UζHf¯ Uζ¯ −UηHf¯ Uη¯
= UζHf¯ Uζ¯ −UζHf¯ Uη¯ +UζHf¯ Uη¯ −UηHf¯ Uη¯
= UζHf¯ (Uζ¯ −Uη¯)+ (Uζ −Uη)Hf¯ Uη¯,
shows that the mapping ζ → HUζf (g) is also continuous from Tn to L2(μn). 
Lemma 2.12. Assume that f ∈ T(s).
(1) If f ∈M(s), then for any multi-index k ∈ Spec(f ), the monomial zk is in M(s).
(2) If f ∈M∞(s), then for any multi-index k ∈ Spec(f ), the monomial zk is in M∞(s).
(3) If p > 0 and f ∈Mp(s), then for any multi-index k ∈ Spec(f ), the monomial zk is in Mp(s).
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mula we have
akz
k =
∫
Tn
f (Uζ z)ζ¯
k dmn(ζ ),
where dmn(ζ ) is the normalized Lebesgue measure on Tn. If g is a holomorphic polynomial and
h ∈ L2(μn), an application of Fubini’s theorem leads to∫
Tn
〈
HUζf (g),h
〉
ζ¯ k dmn(ζ ) =
〈
H
akz
k (g), h
〉
. (2.6)
By Lemmas 2.11, 2.12 we see that
∥∥H
akz
k (g)
∥∥
L2(μn)

∫
Tn
∥∥HUζf (g)∥∥dmn(ζ ). (2.7)
Since ‖HUζf (g)‖ ‖Hf¯ ‖‖g‖L2(μn) for all ζ in Tn, it follows that Hakzk is bounded and akzk is
in M(s). Therefore, zk ∈M(s) as long as ∂kf
∂zk
(0) = 0. This proves part (1) of the lemma. Suppose
now that f ∈M∞(s) and let (gq) be a sequence in A2(s) which converges weakly to 0.
lim
q→+∞
∥∥HUζf (gq)∥∥L2(μn) = 0, for all ζ ∈ Tn,
so that by (2.7) and the dominated convergence theorem we see that
lim
q→+∞
∥∥H
akz
k (gq)
∥∥
L2(μn)
= 0
and hence zk ∈M∞(s) whenever ∂kf∂zk (0) = 0. Therefore part (2) of the lemma holds. To establish
the remaining part of the lemma, we recall that if T is a compact operator from A2(s) to L2(μn)
then its singular numbers νq(T ), q ∈ N0, are given by
νq(T ) := inf
A∈Rq
‖T −A‖
where Rq is the space of all operators from A2(s) to L2(μn) with finite rank at most q . Assume
that f ∈ Mp(s). Then the sequence (νq(Hf¯ ))q is in lp. Moreover, there are an orthonormal
system (uq)q in A2(s) and an orthonormal system (vq)q in L2(μn) such that
Hf¯ =
+∞∑
νq(Hf¯ )〈·, uq〉vq,
q=0
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integer, consider the operator with rank at most q given by
Aq :=
q−1∑
j=0
νj (Hf¯ )〈·, ukj 〉vkj
where for each integer j = 0, . . . , q − 1 and z ∈ Cn the functions ukj and vkj are defined by
ukj (z) :=
∫
Tn
(Uζ uj )(z)ζ¯
k dmn(ζ ) and vkj (z) :=
∫
Tn
(Uζ hj )(z)ζ¯
k dmn(ζ ).
The dominated convergence theorem, combined with (2.6) and (2.5), yields
〈
(H
akz
k −Aq)(g),h
〉= ∫
Tn
+∞∑
j=q
νj (Hf¯ )〈Uζ¯ g,uj 〉〈vjUζ¯ h〉ζ¯ k dmn(ζ ).
Due to the facts that the sequence (νj (Hf¯ ))j is non-increasing and the systems (uj )j and (vj )j
are orthonormal it follows that∣∣∣∣∣
+∞∑
j=q
νq(Hf¯ )〈Uζ¯ g,uj 〉〈vjUζ¯ h〉
∣∣∣∣∣ νq(Hf¯ )‖g‖A2(s)‖h‖L2(μn)
for all ζ ∈ Tn, g ∈A2(s) and h ∈ L2(μn). Hence
‖H
akz
k −Aq‖ νq(Hf¯ ).
This implies that
νq(Hakzk
) νq(Hf¯ )
showing that akzk ∈ Mp(s). Consequently, zk ∈ Mp(s) if and only if ∂kf∂zk (0) = 0. The proof of
the lemma is now complete. 
Proof of Theorem B. Let f ∈ A2(s). Suppose that Hf¯ is bounded and let k ∈ Spec(f ). By
Lemma 2.12 we see that the monomial zk is in M(s). Now Theorem 2.5 implies that f satis-
fies (1.1). If Hf¯ is compact (resp. in the Schatten class) then a similar argument shows that f
satisfies part (2) (resp. part (3)) of Theorem B. 
Proof of Corollaries 1.1, 1.2 and 1.3. As mentioned before, the equivalence between (1) and (4)
in the statement of each of the corollaries was in established in [17] and [15]. The double
equivalence (2) ⇐⇒ (3) ⇐⇒ (4) in the statement of each of the corollaries follows from
Theorem B. 
Lemma 2.13. Suppose that Rs = +∞ and the sequence s satisfies (1.3). Then the function w →
g(w)Ks(z,w) is in L2(μn) for all holomorphic polynomials g and z ∈ Cn.
H. Bommier-Hato, E.H. Youssfi / Journal of Functional Analysis 258 (2010) 978–998 995Proof. We first observe that
Ks(z,w) = 1
(n − 1)!
+∞∑
0
(d + n− 1)!
d!sd 〈z,w〉
d , z ∈ Cn, w ∈ Cn.
Therefore, for any α ∈ Nn0 and z ∈ Cn,
∫
Cn
∣∣wαKs(z,w)∣∣2 dμn(w) = ( 1
(n− 1)!
)2 +∞∑
0
(
(d + n− 1)!
d!sd
)2 ∫
Cn
∣∣wα〈z,w〉d ∣∣2 dμn(w)

(
1
(n− 1)!
)2 +∞∑
0
(
(d + n− 1)!
d!sd
)2
|z|2d
Rs∫
0
t |α|+d dμ(t)
=
(
1
(n− 1)!
)2 +∞∑
0
(
(d + n− 1)!
d!sd
)2
s|α|+d |z|2d .
Now assumption (1.3) ensures that the latter series converges for all z ∈ Cn. 
Lemma 2.14. Assume that s satisfies (1.2). Then the spaces M(s) and Mp(s), p  1, are Banach
spaces and Mp(s), 0 <p < 1, is a quasi-Banach space.
Proof. We prove the lemma for M(s). Let (fq)q∈N0 be a Cauchy sequence in M(s). Without
loss of generality we may assume that fq(0) = 0 for all n. The sequence (Hf¯q )q∈N0 is a Cauchy
sequence of bounded operators on A2(s). Therefore, there is an operator T in A2(s) such that
(Hf¯q )q∈N0 converges to T in the norm operator. Let f := T (1) be the conjugate of the image
T (1) of the constant function 1 under T . Since Hf¯q (1) = f¯q , it follows that
‖fq − f ‖L2(μn) =
∥∥f¯q − T (1)∥∥L2(μn)
= ∥∥Hf¯q (1)− T (1)∥∥L2(μn)
 ‖Hf¯q − T ‖‖1‖L2(μm)
showing that
lim
q→∞‖fq − f ‖L2(μn) = 0. (2.8)
Thus f ∈A2(s). We shall show that the Hankel operator Hf¯ with symbol f¯ is bounded. We shall
prove that f ∈ T(s) and Hf¯ coincides with T on holomorphic polynomials. Let g be a holomor-
phic polynomial. We first observe by Lemma 2.13 that for all z ∈ Cn we have∣∣Ps((f¯ − fq)g)(z)∣∣ ‖fq − f ‖L2(μ )∥∥gKs(z, ·)∥∥ 2n L (μn)
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limq→+∞(f¯ − fq)g(z) = 0, it follows that
lim
q→+∞(Hfq −Hf¯ )(g)(z) = 0.
This proves that T g = Hf¯ (g) and hence f ∈ T(s) and T = Hf¯ . Therefore M(s) is a Banach
space. The proof of that Mp(s) is a Banach space for p  1, and a quasi-Banach space for
0 <p < 1 is similar. 
Proof of Theorem C. Suppose that n = 1 and f is as in the hypothesis of Theorem C. A straight-
forward calculation appealing to Lemma 2.1 shows that for all non-negative integers j , k we have
Tr
(
H ∗
z¯k
Hz¯j
)= 0, as long as j = k
and
Tr
(
H ∗
z¯k
Hz¯k
)= +∞∑
d=k
(
sd+2k
sd+|k|
− sd+k
sd
)
+
k−1∑
d=0
sd+k
sd
= kR2s .
Writing f =∑k∈N akzk yields
Tr
(
H ∗¯
f
Hf¯
)= R2s ∑
k∈N
k|ak|2
= 1
π
∫
Ωs
∣∣f ′(z)∣∣2 dA(z).
This proves the first equality of the theorem. Next we prove the second equality. Writing
Ks(z,w) =∑∞k=0 fk(z)f¯k(w), where (fk) is an orthonormal basis of A2(s), we observe by a
standard argument that for any positive operator T on A2(s) we have
Tr(T ) =
∞∑
k=0
〈Tfk, fk〉A2(s)
=
∫
Ωs
〈
TKs(·, z),Ks(·, z)
〉
A2(s) dA(z).
Applying this equality to T = H ∗¯
f
Hf¯ and using the reproducing property of the kernel Ks implies
that
Tr
(
H ∗¯
f
Hf¯
)= ∫
Ωs
∣∣f (z) − f (w)∣∣2∣∣K(z,w)∣∣2 dA(z)
and hence completes the proof of the theorem. 
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3. Concluding remarks
It was proved by the authors [11] that if s := (sd)d is the Stieltjes moment sequence given by
s = 1
m
Γ
(
2s + 2n
m
)
where m is positive real number, then the space M(s) is finite-dimensional and consists of poly-
nomials of degree at most m2 . See also [16] and [21] for the one-dimensional case. It would be
of interest to characterize Stieltjes moment sequences having this property. Such sequences must
not be exponentially bounded since, in view of Theorem B, the space M(s) contains all holo-
morphic polynomials whenever the corresponding sequence s is exponentially bounded. Similar
discussion can be invoked relatively to Mp(s). This issue has been treated in the case of Bergman
space on the unit ball. See [27] and [25]. Fix a Stieltjes moment sequence and for a linear opera-
tor T on A2(s), the Berezin transform of T is the function T˜ defined on Ωs by
T˜ (z) := 〈T κz, κz〉,
where κz is the normalized reproducing kernel
κz(w) := Ks(w, z)
Ks(z, z)
1
2
.
If k ∈ Nn0, we do not know whether the boundedness of the Berezin transform H˜ ∗z¯kHz¯k is equiva-
lent to that of the operator Hz¯k .
Finally, it would be of interest to consider further study of the general setting of Hankel
operators with arbitrary symbols but reasonably defined as was done in the classical Fock space.
See [3,4,6,7,23,24] and the references therein.
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